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Introduction
Let G be an Abelian group and let G # be G with its maximal totally bounded group topology; this is the topology induced by the natural isomorphism of G into the compact product THom(G3T). (Here T denotes the circle group.) The topology of the groups G # is quite mysterious:
for example, it is known that G# is zerodimensional [2: 31, but it is not even known whether IR# is strongly zero-dimensional [3] . In [3] , van Douwen proved, among other things, the following remarkable result: if D c G# is infinite then there exists E c D with the following properties: IE 1 = IDI and E is relatively discrete and C-embedded in G#. He asked whether G# has a closed discrete subset of cardinality ICI [3, Question 4 .141. The aim of this note is to answer this question in the affirmative.
Theorem 0.1. Let G be an Abelian group. Zf A c G# then A contains a subset B having the following properties:
(1) B is relatively discrete and closed in G # ;
(2) IBI = 14.
In view of van Douwen's Theorem, our results would be trivial if every relatively discrete subset of G# would be closed in G #. This is not true however, as the following example shows.
Example 0.2. There is a countable Abelian group G such that G# contains an infinite relatively discrete subset that is not closed in G#.
Preliminaries
If K is a cardinal number then cf(K) denotes its cofinality.
For a set X and a cardinal number K, [Xl" denotes the collection of all subsets of X of cardinality
K.
All groups considered are Abelian and are written additively: so the identity element of G is denoted by 0, except in the circle group where we use multiplicative notation and use 1 for the identity element. If G is a group and A c G then ((A)) denotes the subgroup of G generated by A. For A a singleton, say A = {a}, we write ((a)) instead of (({a})). We also put ((0)) = (0). If G is a group and x E G then o(x) denotes the order of x, i.e., the smallest natural number n for which n. x = 0 if such a natural number exists, and 03 otherwise. The torsion subgroup of G is denoted by tG, and for each n, t,G = {XE G: nx=O}. Note that for every n, t,G is a subgroup of G and that for all n, m, t, G c t,, G.
((B>> n <(A\B)) = (0).
The following two results follow straight from the definition: their easy proofs are included for the sake of completeness. Proof. Since every subset of an independent set is independent, it suffices to prove that every independent set in G is closed in G # . So let an independent A c G be given. We first prove that O$A. For every aeA pick an element f(a) ET such that 
.xf,:G#
+T" is a homomorphism and is therefore continuous.
In case n = 1, we clearly have cl # 1 so that
In case n> 1, we see that no coordinate of Q(x) is equal to 1, whereas for every a E A some coordinate of @(a) is equal to 1.
We see that in both cases Q(x) $ @[A], so that x@ A. 0
By noting that G* is zero-dimensional ([3, Theorem 1.11 and [2, Theorem 2.1]), the following result is Theorem 1.3(b) from [3] .
Theorem 1.5. Let G be an Abelian group. If xE G# and if A c G# is uncountable then x has a clopen neighborhood U such that
We conclude this section with the following fact, which can be proved straight from the definition:
is a homomorphism of groups, then f : G# 4 H" is continuous.
We will use this fact often without mentioning it.
Proof of Theorem 0.1

Let G be a group. First observe that the theorem is trivial if A is finite, for then
A is a finite discrete space. The theorem is also trivial if A is countably infinite, for then ((A)) is a countable space every compact subspace of which is finite [4] So this result proves Theorem 0.1 for groups that are torsion-free.
We will now in two steps prove the theorem for torsion groups. Then we piece everything together, and present a proof of the general result.
Lemma 2.3. If G is Abelian and if G = t,, G for some II then every (uncountable) subset A of G # contains a closed (in G # ) and discrete subset of size 1 A I.
Proof. Associate with G the following sequence of groups: G, = G; if Gj is known and non-trivial let p,=min{k: XXEG~\{O} o(x)=k} and G,+r =Gi/tP,Gi; if G, is trivial stop. Note that every pi is prime and that the sequence must stop somewhere. Let us call the index i for which G; is trivial the depth of G. We prove the lemma by induction on the depth of G.
If the depth of G is 1 then every element of G has prime order p0 and we can One of the reasons that the topology of G # is difficult to deal with, is that Hom (G,T) is always big, and usually has a complicated structure. However, its structure is not always complicated.
For example, let G be a Boolean group, i.e., a group in which every point has order at most 2. Then each homomorphism @ : G + T has finite range, and a moment's reflection proves the following: To this end, suppose that a+b~ W for a,b~H.
Observe that a#b. We will prove that {a, b} = {x, y}. If {a, b) fl {x, y) = 0, then a+ b E ((H\ {X9 Y>>> n w c ((H\ {XT Y>>> f) (u+ v) = 0, which is a contradiction. So we may assume without loss of generality that e.g., a = x. There exists LI E I/ such that a + b =x + u. Consequently, as required.
We will next prove that 0 ED. This is easy. Indeed, let E be a basic neighborhood of 0 in G#, i.e., E is a subgroup of G with finite index. There is a translate of E, say x + E, that contains two distinct points of H, say CI and 6. Then a + b E E n D.
